A closed-form solution for free vibration is constructed and used for obtaining explicit frequency equation and mode shapes of Timoshenko beams with arbitrary number of cracks. The cracks are represented by the rotational springs of stiffness calculated from the crack depth. Using the obtained frequency equation, the sensitivity of natural frequencies to crack of the beams is examined in comparison with the Euler-Bernoulli beams. Numerical results demonstrate that the Timoshenko beam theory is efficiently applicable not only for short or fat beams but also for the long or slender ones. Nevertheless, both the theories are equivalent in sensitivity analysis of fundamental frequency to cracks and they get to be different for higher frequencies.
INTRODUCTION
About a century has passed from the date when Timoshenko Beam Theory (TBT) was proposed and although it is not straightforward as the classical Euler-Bernoulli Beam Theory (EBT) the TBT is not less popular nowadays than the classical one [1] . Generalized by taking into account the shear deformation and rotary inertia the TBT has extended applicability of beam theory to analysis of short or fat beams which are more widely encountered in the practice of structural engineering. Basics for dynamic analysis of Timoshenko beams are provided in numerous publications on structural dynamics, for example, the References [2] [3] [4] . Recently, because of potential hazards produced by presence of a crack in a structure, dynamic analysis of cracked structures gets an enormous attention of researchers and engineers. Numerous methods were proposed for modal analysis and crack detection based on the classical EBT [5] [6] [7] [8] [9] [10] . Among the obtained c 2017 Vietnam Academy of Science and Technology results it is worth to note that a closed-form solution for the vibration mode of EulerBernoulli beams with multiple cracks was conducted and used for obtaining an explicit expression for characteristic equation of the beam [11, 12] . Vibration of cracked Timoshenko beams has been studied by numerous authors in [13] [14] [15] [16] [17] [18] among that the studies by Li [15] and Aydin [18] are noteworthy by their achievements in modal analysis of cracked Timoshenko beams. Some particular solutions of the crack detection problem for Timoshenko beam were obtained earlier in [13, 14, 17] and recently by Khaji and his coworkers in [19, 20] using the conventional methods.
In the present paper a closed-form solution for free vibration of Timoshenko beam with arbitrary number of cracks is conducted and used for constructing an explicit expression for both frequency equation and mode shape of the beam. Using the obtained frequency equation, the sensitivity of natural frequencies to crack of the beams is examined in comparison with the Euler-Bernoulli beams [12] . Numerical results demonstrate that the Timoshenko beam theory is efficiently applicable not only for short or thick beams but also for the long or slender one. Nevertheless, both the theories are equivalent in sensitivity analysis of fundamental frequency to cracks and they get to be different in the analysis of higher frequencies.
A CLOSED-FORM SOLUTION FOR FREE VIBRATION OF TIMOSHENKO BEAM WITH MULTIPLE CRACKS
Consider a uniform beam of length ; material density (ρ); elasticity (E) and shear (G) modulus; area A = b × h and moment of inertia I = bh 3 /12 of cross section. Assuming first order shear deformation (Timoshenko) theory of beam, the displacement field in cross-section at x and height z from the neutral axis is u(x, z, t) = u 0 (x, t) − zθ(x, t); w(x, z, t) = w 0 (x, t),
with u 0 (x, t), w 0 (x, t), θ(x, t) being respectively the displacements and slope at central axis.
Using the constituting equations
and Hamilton principle, the equations for free vibration of the beam can be established as
Seeking solution of (3) in the form
one gets
Furthermore, it is assumed that the beam has been cracked at positions e j , j = 1, . . . , n and the cracks are modeled by rotational springs of stiffness K j calculated from crack depth [8] . Therefore, conditions that must be satisfied at the crack section are W(e j + 0) = W(e j − 0); Θ(e j + 0) = Θ(e j − 0) + M(e j )/K j ;
Q(e j + 0) = Q(e j − 0) = Q(e j ); M(e j + 0) = M(e j − 0) = M(e j ), (6) where N, Q, M are respectively internal axial, shear forces and bending moment at sec-
Substituting (7) into (6) one can rewrite the latter conditions as
Seeking solution of Eq. (5) in the form W 0 (x) = C w e λx , Θ 0 (x) = C θ e λx one is able to obtain so-called characteristic equation
This is a square algebraic equation with respect to η = λ 2 that can be elementarily solved to give roots
Note that in the case if c = 0 the Eq. (9) has the roots
This occurs when ω = ω c = 12κG/ρh 2 acknowledged as cut-off frequency of the beam. Otherwise, the Eq. (9) has the roots
for frequency less than cut-off one, ω < ω c = κGA/ρI. Since the cut-off frequency is very high, vibration of the beam is often investigated in the lower frequency range (0, ω c ). Thus, in the frequency range, general continuous solution of Eq. (5) can be represented as
Particularly, solution (14) and (15) satisfying the conditions 
where
NATURAL FREQUENCIES AND MODE SHAPES
In this section, frequency equation is obtained for beam with classical boundary conditions such as simply supported (SS), clamped (CC) beam and cantilever (clamped and free (CF) end beam). The boundary conditions are expressed as follow:
from that we have got C 1 = C 3 = 0 and
Therefore, frequency equation is obtained in the form
For uncracked beam, the frequency equation (24) is reduced to sin k 2 = 0 that leads to k 2 = jπ; j = 1, 2, 3, . . . and in the case of single crack, n = 1, Eq. (25) is
with
The latter equation has been obtained in [19] .
. Therefore, frequency equation for clamped beam is derived from the conditions
In the case of single crack, Eq. (31) is simplified [19] 
• For CF-beam:
It is found above that conditions for clamp at x = 0 lead the solutions (19) , (20) to expressions (27), so that conditions for free end at x = now yield
that allow one to obtain frequency equation for CF-beam in the form
The latter equation can be rewritten as
Similarly, one can obtain frequency for beam with single crack in the form [19] 
Solving Eqs. (25), (31) and (36) with respect to ω gives rise natural frequencies ω j , j = 1, 2, 3, . . . Every natural frequency ω j allows one to calculate first the wave numbers k 1j , k 2j by using (13) and then associated mode shape as
In latter equation arbitrary constant D j is determined by a chosen condition for normalization.
NUMERICAL ANALYSIS
To validate the theoretical development, natural frequencies computed by different methods (analytical method [3] ; Galerkin's method [17] and the present method) for simply supported beam are compared and given in Tabs. 1-2. The Tables show that the analytical method, Galerkin's and present methods give the same results in computing natural frequencies of intact (uncracked) beam structures with different slenderness ratios. However, disagreement of the methods is apparent when they are applied for Beam parameters E = 62.1 GPa; G = 23. cracked beam and miscalculation of Galerkin's method can be observed from that it results in reduction of second and fourth frequencies as the crack appeared at the middle of beam whereas the frequencies should be unchanged due to crack. Finally, it can be seen from Tab. 2 that Timoshenko beam model is more useful to apply for calculating natural frequencies of cracked beam. Note, all the results related to Euler-Bernoulli beam provided herein as EBT-present are obtained for corresponding beam parameters by using the theory developed in Ref. [12] .
Effect of slenderness ratio on natural frequencies computed by different beam theories is demonstrated in Tab. 3. The data depicted in Tab. 3 show that Timoshenko beam 
theory gives rise almost the same natural frequencies as the Euler-Bernoulli beam theory for the beams with slenderness ratio greater 20 (acknowledged as long or slender beams). This fact allows one to make a conclusion that Timoshenko beam theory is useful not only for short or thick beams but also for long or slender ones while the Euler-Bernoulli theory is applicable only for the long or slender beams. In case of cracked beam, natural frequencies of Timoshenko beam with single crack computed by the present method are compared to those given in Ref. [19] that are obtained by the conventional transfer matrix method (see Tab. 4). The comparison demonstrates very good agreement of the results, especially, some frequencies are computed identically (when they are unaffected by presence of crack). Thus the proposed in this study method is validated not only in the case of uncracked beam but also for beam with cracks. Furthermore, natural frequencies of cracked Timoshenko beam normalized by those of intact one are computed as function of crack position along the beam span for various slenderness ratios (10, 20, 30) . The frequency ratios (cracked to intact) acknowledged as sensitivity of natural frequencies to crack are compared to those obtained by using Euler-Bernoulli beam theory and shown in Figs. 1-3 corresponding to the simply supported, clamped-clamped and clampedfree boundary conditions. Obviously, the frequency sensitivities computed for both the beam theories are identical as the slenderness ratio equals to 30 and they get to be apparently deviated for the ratio L/h = 10. In the latter case, natural frequencies computed by Euler-Bernoulli beam theory are more sensitive to crack. Note, that the sensitivity of fundamental frequency of cantilever beam is independent on which beam theory is applied.
To investigate combined effect of the beam theories, slenderness ratio and multiple cracks on natural frequencies, the frequency parameter Obviously, the frequency parameter computed for Euler-Bernoulli intact beam is independent on the beam thickness (h) for the beam length (L) fixed, as can be seen in Tab. 5, it is dependent only on the beam length. However, as a crack occurred in beam the parameter decreases with increasing beam thickness and number of cracks. Unlikely, the frequency parameter of Timoshenko beam is always decreasing as the beam thickness and number of cracks are growing. Difference between the beam theories measured by deviation of the frequency parameter is significant and rising with mode number. However, the deviation decreases not only as usually for increasing slenderness ratio but also when number of cracks rises, except the case of fundamental frequency. 
CONCLUSION
Summarizing results obtained in the present study the conclusions can be made as follow:
A closed form solution has been conducted for free vibration of Timoshenko beam with arbitrary number of cracks. This solution is straightforward to derive an explicit expression for frequency equation and mode shapes of multiple cracked Timoshenko beams;
Analysis of natural frequencies obtained from the frequency equation shows that the Timoshenko beam theory is useful for vibration analysis of not only short or thick cracked beams but also the long or slender ones, while the Euler-Bernoulli beam theory is applicable only for long and slender beams;
Nevertheless, sensitivities of natural frequencies to cracks computed by the EBT and TBT are the same for beams of slenderness ratio (L/h) greater than 20 and for the ratio less than 20 natural frequencies computed by the EBT are more sensitive to cracks than those computed by TBT;
The obtained closed-form solution can be used for vibration analysis and crack identification of more complicated structures such as stepped multispan beams or framed structures with cracks that is a subject of next studies of the authors.
